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Abstract

The ground state proton, neutron, and matter density distributions and
corresponding root-mean-square radii (rms) of the unstable neutron-rich
22C exotic nucleus are investigated by two-frequency shell model (TFSM)
approach. The single-particle wave functions of harmonic-oscillator (HO)
potential are used with two oscillator parameters beore and bpago. According
to this model, the core nucleons of °C are assumed to move in the model
space of spsdpf. Shell model calculations are performed with (0+ 2)hw

truncations using Warburton-Brown psd-shell (WBP) interaction. The
outer (halo) two neutrons in %C are assumed to move in HASP (H.
Hasper) model space (2s12, 1d3j2, 2pss2, and 1f7, orbits) using the HASP
interaction. The halo structure of *°C is confirmed with 2s;,-dominant
configuration. Elastic electron scattering form factors of %C nucleus are
also investigated using the plane wave Born approximation. The effect of
the long tail behavior (found in the calculated matter density distribution)
on the elastic form factor of %C is studied. The calculated matter
densities and form factors of stable **C and unstable *’C are compared. It
is found that the difference between the nucleon form factors of %C and
4C nuclei is attributed to the difference presented in the matter densities
of these nuclei. Hence the difference in the matter densities of >°C and **C
nuclei mainly comes from the neutron skin of the core °C and from the
difference in the neutron density distribution of the last two neutrons in
both **C and ?°C nuclei. It is concluded that elastic electron scattering
from exotic nuclei can provide predictions for the near future experiments
on the electron-radioactive beam colliders, where the effect of the neutron
halo or skin on the charge distributions is planned to be studied.
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Introduction

With the advent of novel radioactive
ion beam facilities, a new interesting field in
nuclear physics has been turned out. It was
shown that nuclear radii can be determined
from interaction cross sections of high-
energy heavy-ion collisions [1]. Such
approach provides a unique method for
determining matter radii of unstable nuclei.
The pioneering discovery in this field was
noticing extraordinary enhancement in the
total reaction cross section induced by
unstable nuclei impinging on stable targets
by Tanihata et al [1]. An abnormally matter
rms radius for the neutron-rich *Li nucleus
was observed much larger than other
neighboring  isotopes;  suggesting  the
existence of a long tail in nuclear matter
density distribution. Afterwards, this led to
the definition of neutron halo [2, 3, 4].

A neutron halo is basically a
threshold effect resulting from the presence
of a bound state close to the continuum; this
is mainly attributed to the closeness of the
Fermi level to the particle continuum. The
valence nucleons could be easily scattered to
the continuum states, hence and forth due to
the pairing correlation. The tail of the wave
function extends more outward the central
nuclear confining potential well which
eventually leads to the formation of a diffuse
nuclear cloud surrounding the core. For the
occurrence of nuclear halo, the well-
accepted conditions are small binding
energy and low angular momentum. The
structure of halo nuclei are imagined to be

26

composed of a tightly bound core plus one
loosely nucleon or two (two-nucleon halo is
called Borromean [5], since none of the
binary subsystems of the core plus two
nucleon are found in bound state). These
nuclei are sometimes called exotic due to
their large neutron (N) or proton (Z)
numbers leading to unusual properties in
their structures, e.g. halo and skin. In stable
nuclei, the ratio N/Z are restricted in
between 1 to 1.5, as well as the separation
energy of a nucleon, either a proton or a
neutron, is almost always 6 to 8 MeV, on the
other hand, the N/Z can be varied from 0.6
to 4, also the separation energy can be varied
from 40 MeV to 0 MeV. The half-life times
for halo nuclei are in general less than one
second.

Because of the rapid decay of these
nuclei, it is rather difficult to make targets
with them, therefore, experiments have been
done in inverse kinematics (i.e., the roles of
target and projectile are exchanged) with a
beam of exotic nuclei incident on a stable
target at radioactive ion beam (RIB)
facilities.

The problem of determining the
density distribution and size of halo nuclei is
currently debated. The extraction of the
nucleon density distribution and nuclear
radius from experimental total reaction cross
section of nucleus-nucleus collisions has
been carried out almost exclusively by using
the Glauber model in the optical-limit
approximation. This is an advantage of the
Glauber model that relates the cross sections
of nucleus-nucleus collisions to the nuclear
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density and nucleon-nucleon cross sections.
Experimental values obtained from such
treatment are subject to controversy [6],
being sensitive to the model used to describe
the reaction mechanism. The electron
scattering from nuclei is a powerful tool to
investigate the electromagnetic structure in
stable nuclei. This is because of the
relatively weak interaction of electron with
nucleus which is done through the well-
known electromagnetic force. Electron
scattering from exotic nuclei is not presently
available; the technical proposal for the
construction of electron-ion collider at
GSl/Germany [7] and RIKEN/Japan facility
[8] will be a great opportunity to study the
electromagnetic structure of these exotic
nuclei in the near future.

For the two-neutron Borromean ?C
halo nucleus, many theoretical and
experimental studies had discussed and
confirmed the halo structure and found in
refs. [9, 18].

The no-core shell model (NCSM)
calculations in light nuclei were applied to
halo nuclei with poor agreement [19-22] for
rms radii and separation energies even for
large model space. This is probably related
to the Gaussian fall-off of the NCSM wave
functions, which does not reproduce the
correct exponential tail. The limitation of
no-core shell model calculations is arising
from the increasing dimensionality with
mass for a given model space, therefore, It

will be cumbersome and very time
consuming.

The  two-frequency  shell-model
(TFSM) approach was employed

successfully on halo nuclei [23, 24], for both
valence energy and rms radii. Within this
model, one uses harmonic-oscillator (HO)
wave functions with two oscillator size
parameters, beore and bpae for the core and
halo orbits, respectively. This technique will
enable one to work freely on each part by
changing beore(nalo) till one can get a fit with
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some experimental results. Unfortunately
there is no application of the TFSM
approach on the matter densities and elastic
electron form factors for exotic nuclei. For
this reason, we undertake the study of such
substantial quantities for halo **C nucleus in
such approach. The elastic electron
scattering form factors in this work are

calculated in plane-wave Born
approximation (PWBA) through matter
densities obtained from the TFSM

calculations. The effect of the long tail
component observed in the calculated matter
densities on elastic electron form factors for
22C nucleus is presented and discussed.
Besides, the matter rms radii are also
calculated according to this model.
Theory

The one-body operator of rank AJ
of the longitudinal transition density for
point protons (with isospin t, =1/2) or
neutrons (t, =-1/2) is given by [25]:

. A o(r—r,
ka,tZ = Ze(tz)gYM,MM (Qrk)! 1)
k=1 rk
with
e(t,) = 1+ 2;Z(k).

In Eg. (1), the superscript (L) in the
operator,bALJ’tz, stands for longitudinal
component, Y,; (€,) and 5(r—r,) are

the spherical harmonic and Dirac delta

functions, respectively. The reduced matrix

element of the longitudinal transition density

operator in Eq. (1) can be expressed as [25]:
1

<‘]f ﬁAJ,tZ(F)H‘]‘>: \/472'(Ti+1)x

> 0BDM(J;,J;.43,a,b,t, )|V o) %
ab

Rnala ( r )Rnblb ( r ) (2)

where a and b label single-particle states
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for the considered shell model space and are
specified by:
| p> :‘np|p>‘ jpmp>’
represents either a or b)
The states [J;) and |J,) are

characterized by the model space wave
functions. In Eq. (2), R, (r) is the radial
part of the harmonic oscillator wave
function, (j,[V,[J,) is the reduced matrix

(the state p

element of the spherical harmonics and
OBDM(J;,J;,Ad,a,b,t,) is the proton
(t, =1/2) or neutron (t, =-1/2)one-body
density matrix element given by the second
quantization notation as [25]:

SCEN Y -
V243 +1 '

As the spsdpf- and HASP (2s1/,
1ds, 2psp, and 1fy, orbits)-shell wave
functions (generated in the present study
with WBP [26] and HASP [27] interactions,
respectively), have good isospin, it is
appropriate to evaluate the OBDM elements
by means of isospin-reduced matrix
elements. The relation between these tripled-
reduced OBDM and the proton or neutron
OBDM of Eq. (2) is given by [28]:

L
OBDM(J;,J;,4),a,b,t, )=

T. 0 T
OBDM(t, )=(-1)""/2| | '
(t,)=(-1) \F(—Tz 0 szx

T, 1T
OBDM(AT =0)/2+2t,(-1)" 6| " x

-T, 0 T,
OBDM(AT =1)/2 (4)

The tripled-reduced OBDM/(AT)

elements are given in terms of the second
quantization notation as [28]:

(1 ; @a,]" | 17) (5)

OBDM(i, 43,0, f,4T ) =~ et
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Here, Greek symbols are utilized to
indicate quantum numbers in coordinate
space and isospace (i.e., I;=J,T, and
[y =3:Ty).

The OBDM(AT) elements contain
all the information about transitions of a
given multipolarities which are embedded in
the model wave functions. To obtain these
OBDM elements, shell model calculations
are performed using realistic effective
interactions of WBP (for core nucleons of
22C) and HASP (for outer two-neutron halo
in 22C).

For the ground state density
distribution, we have J, =J,, AJ =0, then

Eqg. (2) reduces to the following [25]:

1
X

J4r(2d, +1)

> 0OBDM(J;,J;,0,a,b,t,)x

ab

P, (r)=

(JallYol o )Ry, 1. (DR, (1) (6)

where p, ()= <JiH[7ALJ:0,tZ (F)HJi>'

As halo nuclei are oversized and
easily broken systems consisting of a
compact core plus a number of outer
nucleons loosely bound and spatially
extended far from the core, it is suitable to
separate the ground state density distribution
of Eg. (6) into two parts. The first part is
connected to the core nucleons while the
second part is connected to the halo (outer)
nucleons, i.e.:

Pu(r) = PP(r) + (). ™

where the subscript (m) in Eqg. (7) denotes
matter. Moreover, Eq. (7) may also be
expressed as:
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P (1) = p, (r) + p, (1), (8)

where p (r) and p,(r) are the ground state

proton and neutron densities of halo nuclei
and expressed as:

po(1) = PP (1) + PL°(r) ©)
and
Pa(r) = p°(0)+ P (). (10)

The normalization condition of the above
ground state densities is given by:

g :47szg(r)r2dr. (11)

Here, p%(r) represents one of the

Pu(r),  po(r),
p"P(r), p,(r), p,(r). In that case, the

parameter g represents, correspondingly,

one of the following quantities: the nuclear
mass (A), the number of core nucleons, the
number of halo nucleons, the total number
of protons and the total number of neutrons
of halo nuclei. The rms radii of the
corresponding above densities are given by
[29]:

following  densities:

(12)

<r? >1g’2:4—7szg(r)r4dr.
99

The PWBA is used to study the
elastic electron scattering form factors from
considered nuclei. In the PWBA, the
incident and scattered electron waves are
represented by plane waves. The elastic
proton form factor is simply given by the
Fourier-Bessel transformation of the ground
state proton density distribution, i.e. [29]:
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4r .
F(a)=—-[ Py (N o (ar)r*dr (13)
0
where  j,(qr) is the spherical Bessel
function of order zero and g is the
momentum transfer from the incident

electron to the target nucleus.
In the limit g — O, the target nucleus

will be characterized as a point particle.
Accordingly, using Eq. (13) with the help of
Eq. (9), the proton form factor of this target
nucleus will be equal to unity (i.e.
F(g—0)=1).

Results and Discussion

The TFSM approach [23, 24] is
employed to study the ground state proton,
neutron and matter density distributions, the
proton, neutron and matter rms radii and
elastic nucleon form factors of the unstable
?2C nucleus. The single particle harmonic
oscillator wave functions are used with two
different oscillator size parameters b,

andb,,,,. To obtain the OBDM elements of

the core and halo parts, we perform shell
model calculations via the  computer
code OXBASH [30].

22C nucleus is a two-neutron
Borromean halo nucleus composed of the
core 2°C nucleus plus two loosely bound
neutrons surrounding the core; these outer
two neutrons are considered to move in the
sd-shell model space. The separation energy
of the outer (halo) two neutrons is measured
experimentally and found to be
S,, =420+ 940KeV [17, 18]. The oscillator

size parameters for core and outer (halo) two
neutrons are chosen to be bee=2.7 fm and
bralo=5.4 fm to reproduce the experimental
neutron rms radius (5.4+0.9 fm) [17] of
22C nucleus. Using these values of beore and
brato, the calculated neutron, proton and
matter rms radii are 5.609, 3.974 and 4.783
fm, respectively. It is so clear that the
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calculated neutron rms radius is in very good
agreement with the experimental value. The
difference between the calculated overall
neutron and proton rms radii is 1.635 fm.
This difference indicates a halo structure in
22C nucleus.

In present study, we assume that the
core neutrons and protons (i.e., °C core of
22C) move within the spsdpf —model space.

To obtain the OBDM elements of the core
part, shell model calculations are performed
in the above mentioned space with
(0+2)%iw truncations using the realistic

interaction of WBP [26]. For the outer (halo)
two neutrons in %C, we perform shell model
calculations for two neutrons moving in the
HASP model space of 1dsp, 251/, 2ps2, and
1f;, orbitals using the realistic effective
interaction of the HASP [27].

The neutron (p,(r)) and proton

(p, (r)) densities (in fm™®) of *C are plotted

in Fig. 1 as a function of r (in fm). The
solid, dashed, and dash-dotted curves are the
calculated neutron density distributions
when the outer two neutrons of ?C move in

HASP model space, in the pure 2s,,, and

1ds, -orbits, respectively. The plus symbols
are the calculated proton  density
distribution. The filled circles curve is the
experimental neutron density distribution
[17] extracted from the fitting of Glauber
model with experimental cross sections
using HO+Yukawa type density function.
Fig. 1 shows that the tendency of the solid
and dash-dotted distributions §
approximately the same during the entire
range of considered r. The long tail behavior
is apparently seen in these distributions of
neutron  densities. This behavior is
associated to the existence of the outer two
neutrons of 2C in the halo 2s;,-orbit.

The calculated proton density
distribution of 2’C shown in Fig. 1
demonstrates a steep slope behavior because
there are no protons found in the halo orbits
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(all protons of #C are found within their
core only). It is useful to remark that the
halo phenomenon in **C is connected to the
matter and neutron densities and not to the
proton density.

Fig. 2 shows the same calculations as
in Fig.l, but here for the matter
distribution p (r). The solid curve is the

calculated matter density obtained with the
assumption that the outer two neutrons of
?2C move in the HASP model space. The
dash-dotted curve is the calculated matter
density when the outer two neutrons move in
the pure 2sy,-orbit. It is clear that both the
solid and the dash-dotted distributions, in
which their behavior is nearly the same
throughout the whole range of r, show the
long tail behavior (which is a distinctive
feature of halo nuclei).

The ground state  occupation
numbers of the outer two neutrons of %°C,
obtained by the HASP model space
calculations using the HASP interaction, are
0.284 for (1dsy)*, 1.2 for (2s12)% 0.39 for
(1f;5)? and about 0.126 is for (2psp)>.
Inspection of these occupation numbers and
also of calculated matter densities shown in
Fig. 2 leads to the conclusion that the
structure of the %2C nucleus has a 2sy,-
dominant configuration.

In Fig. 3, the matter densities of
unstable %C and stable **C are displayed by
the solid and dash-dotted curves,
respectively. The matter density distribution
of unstable %C is that calculated in Fig. 2.
The distribution of stable **C shown in Fig.
3 is calculated by means of the WBP
interaction, where all nucleons of *C are
assumed to move within the spsdpf —model
space with (0+ 2) 4w truncations.

It is so clear from Fig. 3 that the
matter densities of %C and **C nuclei are
diverse. As the outer (halo) two neutrons in
22C are weakly bound, the neutron density
distribution of the last two neutrons has a
longer tail than that of **C nucleus. This can
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be seen obviously from the comparison
between the matter density distributions of
both nuclei shown in Fig. 3.

To seek out if the long tail behavior
of the matter density distribution of the
neutron-rich nuclei demonstrates noticeable
effects in the process of elastic electron
scattering, elastic nucleon form factors for
unstable neutron-rich *°C and stable *C are
calculated by means of the PWBA.

In Fig. 4, the dependence of the

squared nucleon form factor |F(q)|2 on the

momentum transfer q (in fm™) is exhibited,

where the input matter density distributions
are those of Fig. 3. The calculated nucleon
form factors of the stable **C and unstable
22C nuclei are displayed by the dash-dotted
and solid curves, respectively. The
experimental elastic charge form factors of
stable *C [31] are displayed by open circles
for comparison. Fig. 4 demonstrates that the
behavior of the calculated nucleon form
factors (the dash-dotted curve) for **C is
consistent with the data. In addition, the
magnitudes of the calculated form factors of
14C underestimate slightly the data at the
region of momentum transfer 1.4 <q<1.75

fm™ around the first observable diffraction
minimum, while at other regions of
momentum transfer they almost coincide
with the data. In general, the calculated form
factors of *C are in reasonable agreement
with all experimental data presented in the
range of <22 fm™ However, this

comparison gives the conclusion that the
PWBA can reproduce the experimental data
of elastic electron scattering on the stable
14C. The elastic electron scattering nucleon
form factors of unstable neutron-rich nuclei
22C can be also discussed. It is so clear from
Fig. 4 that there are significant differences
between the calculated form factors of #C
(the solid curve) and *C (the dash-dotted
curve). The solid curve of unstable **C has
two diffraction minima (located at
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momentum transfer q=1.08 and gq=1.6

fm™) and two diffraction maxima (located at
gq=1.2 and q=1.78 fm™). The locations of

the first and second minima of %C have an
inward shifts of approximately 0.62 and
0.14, respectively as compared with the
observable diffraction minimum of **C.

As mentioned before, the elastic
nucleon form factor in the nucleus is simply
connected to its nucleon density distribution.
For that reason, the difference between the
nucleon form factors of %C and that of **C is
owing to the different matter density
distributions of the two nuclei. The
difference between the matter density
distributions of #C and *C is essentially
caused by two reasons; the first is due to the
effect of the neutron skin of the core “°C and
the second is due to the difference in the
neutron density distribution of the last two
neutrons in both **C and ?C nuclei.

To analyze the effect of the long tail
of the matter density distribution on elastic
electron-nucleus scattering, one requires
identifying which part of the form factor is
responsive to the tail of the matter density
distribution. It is recognized from the fitting
to the experimental data of **C [32] and *S
[33] that the form factors in the region of
momentum transfer 1<q<3 fm™ are
responsive to the change of the tail part of
the density distribution, whereas those at the
region of high momentum transfer g >3fm™
are responsive to the change of the central
part of the density distribution. It is expected
that the conclusions of **C [32] and *$S
[33] work as well for C isotopes. Therefore,
one may attribute the difference of the
calculated form factors at 1<q<3 fm®
between 2°C and **C (Fig. 4) to the influence
of the long tail of the neutron density
distribution of C while that at q >3 fm™ to
the influence of the neutron density
difference at the central parts.
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Fig. 1: The dependence of proton and neutron Fig. 3: The calculated matter densities for halo
density distributions (in fm™) on r (in fm) of *C 22C compared with that of stable **C
nucleus. The filled circles are the fitted to
experiment [17]. 10’ : : :
10°§ 1
107} ]
A v 1072} L
10 3 T T 22C T 10_3;1: }
[ . 1 -4f 1
[ 20C (WBP)+2n in HASP] 107} i
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0 1 2 3 4
-4
107 qa(fm)
C Fig. 4: The calculated nucleon form factors for
[ halo °C compared with that calculated for
107 e stable *C. The open circles represent the
5 10 15 20  experimental charge form factor for °C [31].
r(fm) Conclusions

The long tail behavior, considered as
a distinctive feature of halo nuclei, is
evidently revealed in the calculated neutron
and matter density distributions. Besides, the
noticeable difference that is found between
the calculated overall proton and neutron

Fig. 2: The same as in figure 1, but for the
matter density distribution.
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rms radii of 2C nuclei also indicates a halo
structure. It is found that the structure of %°C
nucleus  has  (2s,,)>-  dominant

configuration. The difference observed
between the nucleon form factors of 2C and
¢ is generally caused by the difference in
the matter density distribution resulting from
the existing of the neutron skin in the core of
20C and from the difference in the neutron
densities of the last two neutrons in both **C
and %°C nuclei. Because the difference of the
nucleon form factors between the stable
nucleus and its neutron drip-line isotope has
observable effects, we regard that elastic
electron scattering is an efficient tool to
examine neutron-halo  phenomena in
neutron-rich nuclei.
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