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Abstract Key words 

   Quadrupole transitions and effective charges are calculated for 
16

C 

exotic nuclei with large basis no core shell model with 

(0 2)  truncations. Calculations with configuration mixing shell 

model with these limited model spaces usually underestimate the 

measured E2 transition strength. Instead of using constant effective 

charges, excitations out of major shell space are taken into account 

through a microscopic theory this is called core-polarization effects. 

The two body Michigan sum of three ranges Yukawa potential 

(M3Y) is used for the core-polarization matrix elements. The simple 

harmonic oscillator potential is used to generate the single particle 

matrix elements of 
16

C. The present calculations with core 

polarization (C. P.) effect reproduced the experimental data very 

well.  
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معدل الأنتقال والشحنة الفعالة للـ 
16

C 

 هده أحمد دخيل، ضياء علوان عبد الحسين العباديرعد عبد الكريم راضي، زا

 قسم الفيزياء، كلية العلوم، جامعة بغداد، بغداد، العراق.

 الخلاصة 

للنواة الغريبة رباعية القطب والشحنات الفعالة  حسبت الانتقالات   
16

C  بدون قلب الموسع مع قطع  القشرةأنموذج  و استخدم

(0 2) . الانتقالعادة تقلل من تقدير قوة  ةذو التشكيلات المختلطة مع أنموذج الفضاءات المحدود القشرةات أنموذج حساب 

E2 من خلال  الاعتبارالرئيسية بنظر  القشرةالتهيجات خارج فضاءات فقد أخذت  ،ةالمقاس. بدلا من استخدام شحنات فعالة ثابت

 .M3Yالقلب بواسطة جهد  لاستقطابكذلك تم حساب عناصر المصفوفة  القلب. استقطابالنظرية المايكروية الذي يسمى تأثير 

. جهد المتذبذب التوافقي استخدم لتوليد عناصر جهد المتذبذب التوافقي البسيط لتوليد عناصر المصفوفة للجسيمة المفردةأستخدم 

 المصفوفة للجسيمة المفردة لـ
16

Cر استقطاب القلب اتفقت مع القيم العملية بصوره . هذه الحسابات مع ألأخذ بنظر الاعتبار تأثي

 جيده.

 

Introduction 

   The exotic nuclei are phenomena for some 

light nuclei and it has special conditions – 

far from stability line or near drip-lines 

(neutron-rich or proton-rich). In other words, 

exotic nuclei are nuclei with an 

extraordinary ratio of protons and neutrons 

Z/N. Typically; they are very unstable and 

decay  into  more  stable   nuclei,  i.e.  exotic 

 

 

nuclei so-called rare-isotopes, which have a  

loosely binding energy, short-lived isotopes 

and large isospin.  

  Actually, exotic nuclei are available as 

secondary beams at many radioactive beam 

facilities around the world [1]. These 

unstable nuclei are generally weakly bound 

with few excited states.  These exotic  nuclei 
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 have a thin cloud of nucleons orbiting at 

large distances from the others, forming the 

core [1]. 

   Neutron-rich nuclei have attracted much 

interest during the past decades [2- 5] and 

this will continue to be so due to new 

generation radioactive beam facilities in the 

world. These nuclei are characterized by a 

small binding energy, a halo and skin 

structures with a large spatial extension of 

the density distribution [6]. 

   One of the most striking features in 

neutron-rich nuclei is the nuclear 

deformation. The deformation can be 

investigated experimentally and 

theoretically, through their electromagnetic 

transitions. The general trend of the 2
+
 

excitation energy 
1

(2 )E


and the reduced 

electric quadrupole transition strength 

between the first excited 2
+
 state and the 0

+
 

ground state, 
1 1

( 2; 2 0 )B E
 
 for even-even 

nuclei are expected to be inversely 

proportional to one another [7]. However, 

recent experimental and theoretical studies 

of the neutron-rich 
16

C, 
18

C and 
20

C isotopes 

[8-10] show a deviation from the general 

trends of even-even nuclei. A systematic 

study of transition rates for these isotopes 

was recently conducted both theoretically 

and experimentally [10-13]. 

   The role of the core and the truncated 

space can be taken into consideration 

through a microscopic theory. These effects 

are essential in describing transitions 

involving collective modes such as E2 

transition between states in the ground-state 

rotational band, such as in 
18

O [14]. Umeya 

[15, 16] calculated effective charges for 

quadrupole moments and transitions by 

using first order perturbation. These 

theoretical results show that the effective 

charges are smaller than the standard value 

in light- neutron rich nuclei and imply 

decoupled quadrupole motions between 

protons and neutrons in neutron-rich nuclei. 

   Zheng et al. [17] studied the reaction cross 

sections for 
12,16

C had been measured at the 

energy of 83 MeV by a new experimental 

method. The larger enhancement of the 
16

C 

reaction cross section at the low energy had 

been used to study the density distribution of 
16

C. The finite-range Glauber-model 

calculations for different density 

distributions had been compared with the 

experimental data. A large extension of the 

neutron density distribution to a distance far 

from the center of the nucleus suggested the 

formation of neutron halo in the 
16

C nucleus. 

    Imai et al. [8] presented a study of the 

electric quadrupole transition from the first 

excited 2
+
 state to the ground 0

+
 state in 

16
C 

was studied through measurement of the 

lifetime by a recoil shadow method applied 

to inelastically scattered radioactive 
16

C 

nuclei. The measured mean lifetime was 77± 

14(stat) ±19 (sys.) ps. The central value of 

mean lifetime corresponded to a 

1
( 2; 2 0 )B E

 
 value of 0.63 e

2
fm

4
, or 0.26 

Weisskopf units. The transition strength was 

found to be anomalously small compared to 

the empirically predicted value. 

   Hagino and Sagawa [12] applied a three-

body model consisting of two valence 

neutrons and the core nucleus 
14

C in order to 

investigate the ground state properties and 

electric quadrupole transition of the 
16

C 

nucleus. The calculated B(E2) value from 

the first 2
+
 state to the ground state showed 

good agreement with the observed data with 

the core polarization charge which 

reproduced the experimental B(E2) value for 
15

C. It was also showed that their 

calculations account well for the 

longitudinal momentum distribution of the 
15

C fragment from the breakup of the 
16

C 

nucleus. They pointed out that the dominant 

(d5/2)
2
 configurations in the ground state of 

16
C played a crucial role in these 

agreements. 

    Ong   et al. [9]  presented  a  studying   of 
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 lifetime measurements of first excited states 

in 
16,18

C. In that article, the electric 

quadrupole transition from the first excited 

2
+
 state to the ground 0

+
 states in 

18
C was 

studied through a lifetime measurement by 

an upgraded recoil shadow method applied 

to inelastically scattered radioactive 
18

C 

nuclei. The measured mean lifetime was 

18.9 ± 0.9(stat) ± 4.4(syst) ps, corresponding 

to a .1
( 2; 2 0 )g sB E

 
 value of 4.3 ± 0.2 ± 

1.0 e
2
fm

4
, or about 1.5 Weisskopf units. The 

mean lifetime of the first excited 2
+
 state in 

16
C was re-measured to be 18.3 ± 1.4 ± 4.8 

ps, about four times shorter than the value 

reported previously. The discrepancy 

between the two results was explained by 

incorporating the γ-ray angular distribution 

measured in that work into the previous 

measurement. The transition strengths were 

hindered compared to the empirical 

transition strengths, indicating that the 

anomalous hindrance observed in 
16

C 

persists in 
18

C. 

   Wuosmaa et al. [18] studied the 
15

C (d, p) 
16

C reaction in inverse kinematics using the 

Helical Orbit Spectrometer at Argonne 

National Laboratory. Neutron-adding 

spectroscopic factors gave a different probe 

of the wave functions of the relevant states 

in 
16

C. Shell-model calculations reproduced 

both the present transfer data and the 

previously measured transition rates. 

   Petri et al. [19] reported the first 

measurement of the lifetime of the 
1

2


state 

was in the near-dripline nucleus 
20

C. The 

deduced value of 
1

2  = 9.8±2.8  

(syst) ps gave a reduced transition 

probability of .1
( 2; 2 0 )g sB E

 
 =   

 (syst) e
2
fm

4
 which was in a good 

agreement with a shell model calculation 

using isospin-dependent effective charges. 

   In 2012, Voss et al. [13], presented the 

lifetime of the first excited 2+ state which 

was measured with the Köln/NSCL plunger 

via the recoil distance method to be τ ( ) = 

22.4 ± 0.9  (syst) ps, which 

corresponds to a reduced quadrupole 

transition strength of B(E2; → ) = 

   e
2
fm

4
. In addition, an 

upper limit on the lifetime of a higher-lying 

state feeding the state was measured to be 

τ < 4.6 ps. The results were compared to the 

large-scale ab initio no-core shell model 

calculations using two accurate nucleon-

nucleon interactions and the importance-

truncation scheme. That comparison 

provided strong evidence that the inclusion 

of three-body forces was needed to describe 

the low-lying excited-state properties of that 

A = 18 system. 

   The aim of the present work is using the 

fundamental relations to get the reduced 

transition strength B(E2) from the first-

excited 2
+
 state to the ground state for 

16
C. 

 

Theory 
   The reduced one –body matrix element for 

shell-model wave functions of initial spin Ji 

and final spin Jf for a given multipolarity λ, 

can be expressed as a linear combination of 

the single - particle matrix elements: 

ˆ ˆ|| || ( , , , , ) || ||

,
i f

J Tf i fi i f i f
J J

J T J OBDM j j J J J T J
(1) 

where the one–body density matrix elements 

(OBDM) are the structure factors. The initial 

and final single–particle states are denoted 

by ji and jf , respectively. 

   The reduced single–particle matrix 

element of the Coulomb (Longitudinal) 

operator is given by [20]: 

 
2

0

ˆ|| || ( ) || || ( ) ( )
f f i iJ Tf i f i n l n l

J T J dr r j qr J Y J R r R r




 (2) 

where ( )j qr


the spherical Bessel is 

function and ( )r
nl

R is the single-particle 

radial wave function. 

  Electron scattering Coulomb form factor 

involving      angular    momentum    l    and  
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momentum transfer q, between initial and 

final nuclear shell model states of spin Ji, f, 

are [20]:  
2 2 22

2

4
ˆ( ) ( ) ( )

. .
(2 1)

f i
i

F q J T J F q F q
c m f s

Z J



   


(3) 

   Several corrections must be applied to the 

nucleus form factor equation to convert them 

into a representation appropriate for a 

comparison with the experimental form 

factor. One of these corrections is the center 

of mass. The conventional harmonic-

oscillator approximation for this correction 

is given by [21]: 
2 2 4

.

q b A

c mF e          (4) 

where A is the nuclear mass number. 

   In the shell-model the nucleon is assumed 

to be a point, but nucleons are actually of 

finite size, then the calculated form factors 

have to be corrected by another correction 

which takes into account the finite size of 

the nucleon and is given by [21-23]: 
2

1 2

.
( ) 1 ( )

4.33
f s

q
F q fm




 
 
  

                  (5) 

   The total longitudinal form factor is given 

by: 
2 2

0

( ) ( )F q F q


                          (6) 

The electric transition strength is given by: 
22

2(2 1)!!
( , ) ( )

4

Z
B C K F k

K
 





 
  

 
       (7) 

where xk E c  with xE  as the excitation 

energies.  

The Relation Between   and  

is given by: 

2 1
( ) ( )

2 1

i

f

J
B EJ B EJ

J


  


                    (8) 

The matter rms radii can be getting by: 
1

2 42
( )

0,
0

4
r

mm
r r dr

A






             (9) 

and 
2 21 3

# ( )
2

mr occ b N
A

   
 
  

   (10) 

where (A) is matter number A=Z+N. 

   The role of the core and the truncated 

 space can be taken into consideration 

through a microscopic theory, which 

combines shell model wave functions and 

configurations with higher energy as first 

order perturbation to describe EJ excitations: 

these are called core polarization effects. 

The reduced matrix elements of the electron 

scattering operator  


Ô   is expressed as a 

sum of the model space (MS) contribution 

and the core polarization (CP) contribution, 

as follows: 

 

MS CP
ˆ ˆ ˆ||| ||| ||| ||| ||| Δ |||

f i f i f i
O O O          (11) 

which can be written as: 

 

 ˆ ˆ ˆ||| ||| ( , ) ||| ||| ||| Δ |||
f if i

O X O O


     


   
    (12) 

   where X is the OBDM elements. The 

states  
i

  and 
f

   are described by the 

model space wave functions. Greek symbols 

are used to denote quantum numbers in 

coordinate space and isospace, i.e. 

i i i
J T  , 

f f f
J T    and JT  . 

According to the first-order perturbation 

theory, the single particle core-polarization 

term is given by [24]: 

0 0

ˆ ˆ ˆ||| Δ ||| ||| V ||| ||| V |||res res

i f

Q Q
O O O

E H E H
        

 

(13) 

where the operator Q is the projection 

operator onto the space outside the model 

space. The single particle core-polarization 

terms given in equation (12) are written as 

[24]: 

 
2

1 2
1 2

1 2 2 1

1 2 2 1

( 1)
ˆ||| Δ ||| (2 1) (1 δ )(1 δ )

ˆ| V | ||| |||res

O

O

 

   
 

  

 
 

    

   

 






    
   



 
 
 

                                                               (14) 

+terms with 
1

   and 
2

   exchanged with an 

overall minus sign, where the index 
1

  runs 

over particle states and 
2

  over hole states 
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and ɛ is the single-particle energy, and        

is calculated according to [24]: 
1 / 2( 1) ( ) for 1 / 2

(2 1 / 2)
1 / 2 ( ) for 1 / 2

n
n j

n

f r j
n

f r j
 

   
   

 





(15) 

with
2/3

( ) 20
n

f r A


  and 
1/3 2/3

45 25A A
 

   

   Higher energy configurations are taken 

into consideration through 1p-1h   2   

excitations. For the residual two-body 

interaction Vres, the M3Y interaction of 

Bertsch et al. [25] is adopted. The form of 

the potential is defined in equations (1-3) in 

Ref. [25]. The parameters of 'Elliot' are used 

which are given in Table 1 of the mentioned 

reference. A transformation between LS and 

jj is used to get the relation between the two-

body shell model matrix elements and the 

relative and center of mass coordinates, 

using the harmonic oscillator radial wave 

functions with Talmi-Moshinsky 

transformation.  The single particle matrix 

elements reduced in both spin and isospin is 

given by: 

 

2 1
ˆ ˆ||| ||| ( ) || ||

2 z z
zJ T T J t

T
T I t T

t
   


 (16) 

where, 

     (17) 

   The reduced electric transition strength is 

given by: 
2

0,1

1
ˆ( ) ||| |||

0(2 1)

f i
JTf f i i

T
z zi

T TT
B EJ J T O J T

T TJ 




 
 
 

 (18) 

which can be written as: 
2

0,1

1
( )

0(2 1)

f i
T JT

T
z zi

T TT
B EJ e M

T TJ 




 
 
 

 (19) 

where ˆ||| |||JT JTf f i i
M J T M J T  The 

isoscalar (T=0) and isovector (T=1) charges 

are given by  0 IS

1

2
e e e  , IV1

1

2
e e e  . 

The B(E2) value can be represented in terms 

of only the model space  matrix elements as: 

2

eff

0,1

1
( )

0(2 1)

f i
T JT

T
z zi

T TT
B EJ e M

T TJ 




 
 
 

 (20) 

Then the isoscalar and isovector effective 

charges are given by: 

eff
( 1)Δ

2 2

T

p nJT JT

T

JT

e eM M
e e

M

 
   (21) 

The proton and neutron effective charges 

can be obtained as follows: 

0 1

eff eff

pe e e  and 
0 1

eff eff

ne e e  . 

The above effective charges work for mixed 

isoscalar and isovector transitions. For pure 

isoscalar transition (for 
12

C), the polarization 

charge is given by: 

Δ
δ

2

J

J

M
e e

M
           (22) 

and the effective charges for the proton and 

neutron becomes: 
ff ff

p nδ , δ
e e

e e e e e  
        

(23) 

 

Results and Discussion 

   Large-basis no core model space is used in 

this study. This space covered the four shells 

1s, 1p, 2s–1d and 2p–1f with 

(0 2)  truncations. Shell model 

interactions encompassing the four oscillator 

shells have been constructed by Warburton 

and Brown [26]. These interactions are 

based interactions for the 1p2s1d shells 

determined by a least square fit to 216 

energy levels in the A = 10–22 region 

assuming no mixing of n   and (0 2)   

configurations. The 1p2s1d part of the 

interaction (cited in Ref. [26] as WBP) 

results from a fit to two-body matrix 

elements and single-particle energies for the 

p shell and a potential representation of the 

1p–2s1d cross shell interaction. The WBP 

model space was expanded to include the 1s 

and 2p1f major shells by adding the 

appropriate 2p1f and cross-shell             

2s1d–2p1f     two-body     matrix     element 
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of  the Warburton–Becker–Milliner–Brown                     

(WBMB) interaction [27] and all the other 

necessary matrix elements from the bare G-

matrix potential of Hosaka, Kubo and Toki 

[28]. The 2s1d shell interaction of 

Wildenthal [29] used in WBP interaction is 

replaced in this study by a new interaction 

referred as USDB (Universal sd-shell B) 

[30], where the derivation of the USD 

Hamiltonian [29] has been refined with an 

up dated and complete set of energy data. 

The new Hamiltonian USDB leads to a new 

level of precision for realistic shell-model 

wave functions. 

   The b value of this isotope is adjusted to 

reproduce the experimental matter radius. 

The b average value for 
16

C is 1.78 fm. The 

experimental and theoretical Rm radii are 

tabulated in Table 1. The experimental value 

of Rm is taken from Ref. [31]. 

 

 
Table 1: The calculated root mean square matter radii of 

16
C compared with the experimental data. 

 

A b  ( fm ) Root mean Square matter radii ( fm ) 

(0 2)spsdpf                                            Exp. [31] 

16 

 

1.78 

 

2.74                                                     2.7±0.03 

 

 

   Shell model calculations were performed 

with the shell-model code OXBASH [32], 

where the OBDM elements given in 

equation (12) were obtained. The first term 

in this equation is the zero-order 

contribution, which gives the single-particle 

matrix element for the model space (MS) 

contribution. The second and third terms are 

the first-order contributions which account 

for the higher energy configurations (core-

polarization effects). These configurations 

are taken through 1p–1h excitations from the 

core and MS orbits into all higher orbits 

with 2   excitations. For the residual 

interaction Vres, the M3Y interaction of 

Bertsch et al. [25] is adopted. 

The ground state of 
16

C is with 0 2J T
 

 , 

with half life= 0.747s. The first excited 2
+
 

state of this exotic nucleus is at 1766 (10) 

keV [9]. 

   The recent measurements of the 

1 1
( 2; 2 0 )B E

 
 values are 4.15±0.73 e

2
fm

4
  

 

 

[30] and 2.6±0.9 e
2
fm

4
 [9]. The calculations 

are performed with spsdpf model space with  

 (0 + 2)  . For the ground state 

configurations, two neutrons are distributed 

over the sd shell orbits with 62% over 1d5/2 

orbit, 6% over 1d3/2 orbit and 32% over the 

2s orbit. The calculated 1 1
( 2; 2 0 )B E

 
  is 

0.51 e
2
fm

4
 without CP effects and that with 

CP effects is 3.3 e
2
fm

4
, which agrees very 

well with both experimental values. The 

effective charges are calculated to be equal 

to 1.1 e and 0.24 e, for the proton and 

neutron, respectively. The results of B(E2) 

and effective charges are tabulated in     

Table 2. The analysis of the above 

calculations shows a major contribution of 

1d5/2 for valence two neutrons. The 

configurations resulting from the spsdpf 

model space with (0 + 2)   gives a simple 

structure of
 16

C= 
14

C+n+n. A large extension 

of the neutron density distribution to a 

distance far from the  center  of  the  nucleus 
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suggests the formation of neutron halo in the 
16

C nucleus [17]. Due to the relatively small 

value of B(E2), and the distribution of the 

two neutrons over the sd shell out side 
14

C 

may support the decoupling of neutrons 

from protons to form neutron halo. The 

result of Forss´en et al. is 2.2(6) e
2
fm

4
 [33] 

using a large-scale ab initio no-core shell 

model (NCSM). 

 
 

Table 2: The calculated effective charges and B(E2) values of 
16

C compared with the  experimental 

data. 

 

 

Model Space 

Effective 

Charges (e) 

,
eff eff

p ne e  

2 4

1 1
( 2; 2 0 )B E e fm

 
  

Theo.             Theo.           Exp. [Ref] 

  (No CP)        (With CP) 

spsdpf (0+2)   

 

1.1, 0.24 

 

0.51               3.33       4.15±0.73 [30] 

                                    2.6±0.9     [25] 

 

Conclusions 
Shell model calculations are performed for 
16

C including core-polarization effects 

through first-order perturbation theory, 

where 1p–1h with 2   excitation are taken 

into considerations. In general, there are 

some notes have been indicated from the 

present work which can be explained as: 

   The 0   and (0 + 2)  calculations 

which succeed in describing energy levels 

and other static properties, are less 

successful for describing dynamical 

properties such as transition strengths B(E2). 

The core contributions cannot be ignored in 

such transitions and the core polarization 

effects play a major role for describing such 

dynamical property. 

   The small value obtained for the transition 

strength in 
16

C which agrees very well with 

the measured values suggests a  possible 

proton-shell closure with a simple  
14

C+n+n 

structure. These two neutrons may form a 

halo around the 
14

C nucleus, but cannot be 

considered as a Borromean since 
14

C exists 

as a long lived isotope. The present 

calculations of the neutron-rich 
16

C isotope 

show a deviation from the general trends of  

 

 

even-even nuclei in accordance with 

experimental and other theoretical studies.  

The experimental values are very well 

reproduced confirming the anomalous 

suppression in 
16

C. The configurations arises 

from the shell model calculations with core-

polarization effects which reproduce the 

experimental B(E2) values, and give small 

effective charges confirm the formation of 

proton-shell closure for 
16

c.  
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