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form factors were studied by including core polarization using the Bohr-

Mottelson model. For °Cr, the three C2 transitions and the two C4 transitions  Article history:

were investigated. For *2Cr, the inelastic form factor for the two C2 transitions ~ Received: Jan. 30, 2025

and for the two C4 transitions is investigated. In general, the use of the  Revised: May, 07, 2025
transformed harmonic-oscillator (THO) basis proved itself to be a good Accepted: May, 21, 2025
candidate to study stable nuclei, where good results (elastic and inelastic ~ Published: Mar.01, 2026
Coulomb form factors and differential cross sections) were obtained for **2Cr

isotopes.

1. Introduction

The computation of nuclear bulk quantities is of great importance in testing nuclear
models and in understanding nuclear structure. One of these bulk quantities is those extracted
from electron scattering off nuclei, such as rms charge radii, charge distributions, elastic and
inelastic charge form factors and differential cross sections; i.e., the electromagnetic structure
of nuclei which the probing to the nuclei is done through electromagnetic interaction [1-3].
Such interaction is relatively weak; therefore, it is experimentally reliable. The bulk quantities
have been intensively relying on the used nuclear wave functions (WF) [4,5]. Such wave
functions should be mainly characterized by Gaussian behavior at the central region and
exponential behavior at large » [6]. Firstly, the harmonic-oscillator (HO) wave functions are
analytically suitable, but with deficiency coming from the Gaussian fall-off behavior at large »
[7]. The WFs of Woods-Saxon (WS) potential [8,9] were successfully used to investigate the
ground and excited states in stable and unstable nuclei. Such potential was widely used but
with a numerical solution to the radial Schrodinger equation. The pioneering approach to
solving the radial Schrodinger for WS potential is using Nikiforov—Uvarov Tanique [10].
Besides, the transformed harmonic-oscillator (THO) WFs were largely employed to study the
properties of stable and exotic nuclei [11]. The results using THO WFs were very good and
promising, in agreement with empirical data. Such WFs basis improves the performance of HO
WFs at large r to be exponential while it leaves the central Gaussian part intact. Another
approach is to use the WFs of the mean-field in Hartree-Fock (HF) with Skyrme forces [12-
14]. Fluctuating results mainly characterize such an approach. The Cosh potential is another
good option to be used to study stable and exotic nuclei [15,16]. The Ginocchio potential was
rarely used to investigate the bulk properties of nuclei [17]. Unfortunately, such potential is
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cumbersome due to the existence of more than three parameters to regenerate the experimental
size radii and single-nucleon binding energies. The spherical Bessel and Hankel functions have
been successfully used for both stable exotic nuclei [18,19]. The Hulthen potential [20] for
asymptotic limit has been used with very good success to study some light nuclei.

In the present work, we undertook the study of ground and excited states of Chromium
isotopes (°*>2Cr). Such isotopes were previously studied experimentally as in the refs. [21,22].
Our theoretical calculations were based on using the WFs of THO in the local scaling
transformation (LST) technique, which was not used before on such isotopes. Due to the large
model space of fp-shell which leads to cumbersome calculations, the Hsieh-Wildenthal (HW)
interaction [23] was used for >*>2Cr isotopes. The model space for HW interaction is 1ds; and
1f72 for HW interaction. Such interaction was a good candidate to initiate the elastic and
inelastic calculations for the studied aforementioned >®°*Cr. The inelastic Coulomb form
factors were calculated by the inclusion of core-polarization (CP) using Bohr-Mottelson (B-
M), Tassie (T), and valence (V) models.

2. Theory
The radial WFs of THO in the formulation of LST are given by [24]:

f(r,vnmm) [df (1, Vn/mm
R%’f)n/p(r)z ( :/p )’ (d:/p )Rnl(f(r'yn/p'm)'bn/p) (D

where n, I, and j are the principle, orbital, and total spin quantum numbers. The n/prepresents
the neutron/proton. The by, ,, stands for the HO size parameter for neutrons/protons. In Eq. (1),

f (7, ¥n/p,m) denotes the scale function given by [24]:

1
f(r' Yn/p m) = m (2)
&+ <L
r yVr
The derivative to scale function can be written as:
l m
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In Egs. (1) to (3), the m and y,,, represent an integer and real constants controlling the

shape of the wave function at the asymptotic region.
The density distribution for n/p in pure configuration for any nuclear sample is given by [8]:

1 2
Pryp(r) = EZ Onijnp |RT7';{§0 (r, bn/p)l )
nlj
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The Oy n/p > represents the occupation numbers. In mixing configuration, the density is given
by [7]:

Jg JiJ

1 1
_ : : THO THO
Pcjn/p (r) = mm; Xa,b,n/p (Jal |Y] | |]b) Rnalaja:n/p (r)Rnblbjb:n/p () (5)

Jr Ji ]
The Xa’b'n/p

Nushell shell model code [26]. In addition, a and b stands for the quantum numbers of
individual nucleons in the final and initial states, respectively.

Eventually, the charge density is evaluated from the folding procedure for the density of
protons and neutrons followed in ref. [27], i.e.,

in the above equation denotes the weight of transition [25], evaluated from

Per(r) = Pchn )+ Pch,p () (6)

where p¢p, () and pp , (1) indicates the total charge distributions for all neutrons and protons,
correspondingly.

The size radii for nuclei under study are computed from [27]:

[oe]

1
o= 7 [ arrar )

0

where i in the above equation denotes the number of neutrons (i = N) or protons (i = Z) or
nucleons (i = A) or (i = ch = Z).

The longitudinal form structures for electron scattering in the Born approximation for the
first-order is given by [25, 28-29]:

Fien(@) = % /%Z(ﬁ | o7 (q,g)|
2

The f,/p(q) represents the charge form factor for single proton or neutron [27]. The
longitudinal transition operator in Eq. (8) is given by [25]:

]i)f%(Q) ®

OJCM] (g,n/p) = Jj](qr) Y}M](Qr)ﬁn/p(F)dF 9)

The details of spherical Bessel function (j;(qr)), density operator (9, ,, (7)) and spherical
harmonics (¥}, (2,-)) can be found in ref. [30].

In Eq. (8), the many-nucleon matrix element is related to the individual nucleon matrix
element by [25]:

Urllogan/mlin = x5 b.n/p]0f @7t ]lan/p) (10)
ab

The charge form factors for any multipolarity (J) can be accounted for from
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[oe]

41
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The transition charge density (p; c,(7)), in Eq. (11) is divided into two parts, one for
the core polarization (CP) and the other for model space [25], i.e.,

Pen,y (1) = p&F, () + plis, (1) (12)

The p&f ; (1) in Eq. (12), is evaluated using T [31,32], B-M [33] and valence [25] models
as follows:

d
Peny (r) = N1/~ pep (1) (13)
CP,B—M _ d
Peny (1) =Np_y 27 Pen(™ (14)
and
piny () = Nypen(r) (15)

The N in Egs. (13), (14) and (15) are accounted to produce the experimental quadrupole
moments. Finally, the p}'f’csh (r) in Eq. (12) is evaluated from the active nucleons in the selected
model space, as follows [7]:

1 1 IrJil . .
Pcinp (1) = EWZab 2 VAR Rnalaja,g(r)Rnblbjb,g(r) (16)

3. Results and Discussion

With the adoption of the nuclear shell model, a cumbersome huge model space is
encountered especially for fp-shell nuclei. Therefore, a reduction in the model space is
required. As a result of that, the HW interaction [23] was adopted for 3%°2Cr with 325, as a
core. The model spaces for HW interaction are 1d3,,1f7,, subshells. The run of the nuclear

shell model Nushell [26] is used to obtain the X i’;i‘ /z]f The Nushell code uses HO, WS and HF

WFs, besides, many empirical effective interactions were included in the library in Nushell
code. In parallel with the shell calculations, the wave functions of modified HO WFs are used
instead of the HO basis.

For the theoretical calculations, firstly, the elastic charge densities, form factors, and
differential cross sections are studied. Two occupation numbers were used; the first is the
adjusted occupation numbers adopted to generate the available empirical size charge radii (see
Table 1). The second is the occupation numbers obtained from configuration mixing by running
the Nushell shell model code (see Table 2). The spin and isospin quantum numbers, parity, and
parameters of modified HO WFs are presented in Table 3. The b,, m and y,, were fixed so as

to produce the experimental rms charge radii [21]. For the fixed parameters of calculations
presented in Table 1, the calculated charge size radii are presented in Table 4.

In Fig. 1, the computed charge densities are displayed by dashed and solid curves for
adjusted and interactional occupation numbers, respectively. The dotted symbols represent
empirical data taken from [21]. It is found that the results of adjusted occupation numbers are
in very good match with empirical data for >Cr while there is a slight overestimation in the
calculation for *°Cr.

In Fig. 2, the elastic form structures for >*>2Cr are portrayed by solid and dashed curves
for adjusted and interactional occupation numbers, respectively. The dotted symbols represent

4



Iraqi Journal of Physics, 2026 Vol.24, No.1, PP. 1-11

empirical data taken from [22]. It was also found that the results of adjusted occupancies were
in good match with empirical data.

The computed differential cross sections were drawn in Fig. 3 for >*>2Cr. The calculations
were based on using adjusted occupancy numbers only. The dashed, dashed-doted, and solid
curves represent the calculated differential cross sections with incident energies of 200, 398.2,
and 401.6 MeV, respectively. The empirical data are presented by triangle symbol 200 MeV,
plus symbol 398.2 MeV and dotted symbol 401.6 MeV. The results are in very good match
with the experimental data.

In Table 5, the calculated excitation energy using Nushell code were presented and
compared with experimental values. It is seen that the predicted values using HW interaction
for 3%%2Cr are remarkably good in comparison with experimental values. The calculated values
are ascribed to the HW interaction, such empirical interaction is in the Nushell library.

For inelastic Coulomb form factors, the theoretically studied Coulomb transitions were
depicted in Figs. 4 and 5 for °®°2Cr, respectively. The calculations took into account the
contribution of core-polarization (CP). The CP in the present work, was calculated from three
macroscopic models; B-M, T, and V models. The short dashed, long dashed, and solid curves
stand for the V, B-M, and T, correspondingly.

Figs. 4 (a), (b), (c), (d) and (e) for *°Cr represent the transitions: 0% — 2} (E, =
0.78 MeV), 0% - 23 (E, =292MeV), 0% -2} (E,= 3.16MeV), 0" -4 (E, =
1.88 MeV) and 0% — 43 (E, = 3.32 MeV), respectively. From the plotted results, it is noted
in Figs. 4 (c) and (d) for the transition 0%t - 23 (E, = 3.16 MeV) and 0% - 47 (E, =
1.88 MeV) which the results of the B-M, T, and V models are in poor agreement with
experimental data, unlike the other transitions which are well explained by B-M model.

The Figs. 5 (a), (b), (c) and (d) for *Cr represent the transitions: 0% — 2§ (E, =
1.43 MeV), 0% - 2} (E, =3.77MeV), 0% - 4f(E, =237 MeV) and 0" - 43 (E, =
2.77 MeV), respectively. It is noted in Fig. 5(b) for the transition 07 — 2 (E, = 3.77MeV)
which the Bohr-Mottelson, Tassie and valence models failed in to explain the experimental
data contrary to the other transitions which are well explained by the B-M model.

In general, it is found that the results of B-M are better than the results of T and V
models. The results of the V model were found in a poor match with empirical data for all
studied transitions.

It is worth mentioning that with the dominance of small deformation, the B-M model
elucidates the laboratory data, unlike the T model which succeeds in nuclei with large
deformation. The >>°Cr nuclei are even-even nuclear samples, therefore, one expects small
deformations due to the high stability of such nuclei. The failure of the results of valence model
is due to its simple form representation for deformation (see Eq. (15)).

Table 1: Calculated proton occupation numbers (0y,y;,,) from Nushell for 326 26 and gﬁCrzg

nuclei.

nl; 24CT6 21CTag
151/ 2.0 2.0
1p3/2 4.0 4.0
1p1s2 2.0 2.0
1ds/, 6.0 6.0
1d;/, 3.806 3.766
25’1/2 2 2
117/, 4194 4234
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Table 2: Adjusted proton occupation numbers (0, ) from Nushell for ggCrzﬁ and gﬁCrzg

nuclei.
nl; 24Cr36 23Cr2g

1s1/2 2.0 1.9
1ps/2 4.0 4.0
1p1/2 2.0 2.0
1ds), 6.0 6.0
1d3/, 4.0 4.0
2515 1.4 1.2
1172 2.8 4.9
1fs/2 1.4 -

2p1 /2 0.4 -

Table 3: Total spin, isospin, and the parameters of THO.

éXN ]”T bp m 'yp
39CTy6 0*1 2.000 8 1.737
52Crag 0*2 1.990 10 2.182

Table 4: Evaluated rms proton and charge radii for ggC T3¢ and %iC 1,8 nuclei.

Xy Calculated (r5)/> Calculated Exp. (r2)Y2 [21]
(T§h>1/z

59CTy6 2.457 3.707 3.707(15)

52Cryg 2.288 3.684 3.684(15)

Table 5: Calculated and experimental excitation energies Ex (in MeV) for selected transitions in

50Cr and 52Cy. The transitions are from the 0+ ground state to excited 2+ and 4+ states.
Theoretical results are compared with empirical data from [22].

Isotope JiT = JfT Calculated Empirical[22]
E.(MeV) E.(MeV)

0+ - 27 0.882 0.78
0t - 27 2.803 2.92
0+ - 2% 3.505 3.16

50

24CT26 0 > 47 1.895 1.88
0* -4 3.012 3.32
0+ - 2¢ 1.183 1.43
0+ > 2§ 7.100 3.77

33Cryg 0t - 4 2.046 2.37
0t - 47 2.538 2.77
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Figure 1: Computed and experimental charge density distributions (CDDs) for *’ Cr (a) and *’Cr
(b). Dashed curves use shell-model occupancies, solid curves use adjusted values, and filled
symbols represent experimental data from [21].
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Figure 2: Elastic charge form factors for ’Cr (a) and **Cr (b). Dashed and solid curves represent
theoretical predictions using shell-model and adjusted occupation numbers, respectively.
Experimental data points are shown as filled symbols [22].
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Figure 3: Computed and experimental differential cross-sections (ﬁ) for **>Cr were portrayed

for incident electron energies of 200 MeV, 398.2 MeV, and 401.6 MeV represented by short-
dashed, dashed, dotted, and solid carve, respectively. The empirical data are represented by a
triangle, plus and dotted symbols [22].
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Figure 4: Inelastic transitions related to the C2 and C4 form factors of *’Cr for the
27 (a), 27 (b),23(c), 47 (d) and 43 (e). The theoretical results were computed using
Tassie, Bohr-Mottelson, and valence models represented by solid, dashed and solid diamond
curves. The empirical data were represented by filled dotted symbols [22].
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Figure 5: Inelastic transitions related to the C2 and C4 form factors of *’Cr for 2§ (a),
2:(b), 47 (c)and 47 (d) . The theoretical results were computed using Tassie, Bohr-
Mottelson, and valence models represented by solid, dashed and solid-diamonds curves. The
empirical data were represented by filled dotted symbols [22].

4. Conclusions

In summary, using modified oscillator wave functions greatly enhanced the results for
the charge densities and both elastic and inelastic longitudinal form factors of °*>2Cr when
compared to real-world data. The model spaces for empirical HW effective interaction were
used to investigate the isotopes °*>>Cr. The HW interaction was used with (16°32)S_16 (core)
plus 18 and 20 nucleons (in the model space) for *°Cr and 3*Cr, respectively. The results of the
calculated elastic electron scattering differential cross section were found in excellent
agreement with experimental ones. In general, the computed energy levels for >“>’Cr were
found to be in very good agreement with experimental data for HW interaction. For the
computed inelastic Coulomb form factors, the core polarization was accounted for using
macroscopic Bohr-Mottelson, Tassie, and valence models. Overall, the theoretical results
showed that the Bohr-Mottelson model matched the experimental data better than the Tassie
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and valence models. The three CP models failed only in explaining the transitions: 0" +—2 3"+
(E_x=3.16 MeV) and 0"+—4 1"+ (E_x=1.88 MeV) in °Cr, 0"+—2 4"+ (E_x=3.77MeV) in
52Cr. The computed results of the valence model were in poor match with those of empirical
data. The Bohr-Mottelson and valence models apply to nuclei with small deformations,
whereas the Tassie model is more successful in nuclei with large deformations. The poor
agreement of the results of the valence model is attributed to its simple mathematical form.
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